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Abstract
The eccentric-connectivity index of a graph G is the sum of the products of the
eccentricity and the degree of each vertex in G. In this paper, we define four new
invariants related to the eccentric-connectivity index and obtain upper bounds for
total transformation graphs which are some generalizations of total graph.
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1 Introduction
Throughout this paper, we only consider finite undirected simple graphs having no loops
and multiple edges. Let G = (V,E) be a graph with order |V | = n and size |E| = m.
The degree of a vertex v ∈ G is denoted by degG(v) and defined as degG(v) = |{u : uv ∈
E(G)}|. The eccentricity of a vertex v ∈ G is the largest distance between v and u for
all u ∈ V (G). We follow [4] for unexplained terminology and notation.
Recently, topological indices are playing vital role in QSPR/QSAR studies due to
their predicting power. One of the oldest topological indices is the first Zagreb index [4]
1
which has been studied extensively by many researchers [1, 3, 6]. It is defined by
M1(G) =
n∑
i=1
deg(vi)
2. (1)
In fact, we can re-write (1) as
M1(G) =
∑
uv∈E(G)
deg(u) + deg(v). (2)
The forgotten index [2] is defined by
F (G) =
∑
u∈V (G)
deg(u)3. (3)
Sharma et.al. [7] have put forward a novel topological index called the eccentric-
connectivity index ECI(G) for a molecular graph G. This index is defined as follows:
ECI(G) =
n∑
i=1
e(vi)deg(vi). (4)
Motivated by the eccentric-connectivity index, here we introduce the inverse eccen-
tricity connectivity index IECI , the first Zagreb eccentricity connectivity index M
1
ECI , the
first eccentricity connectivity index ECI1 and the first Zagreb eccentricity connectivity
index M1
ECI1
as follows:
IECI =
n∑
i=1
(e(vi)deg(vi))
−1, (5)
M1ECI(G) =
n∑
i=1
(e(vi)deg(vi)
2), (6)
ECI1(G) =
n∑
i=1
e(vi)
2deg(vi), (7)
M1ECI1(G) =
n∑
i=1
e(vi)
2deg(vi)
2. (8)
Let G be a graph. The total graph denoted by T (G) of G has V (G) ∪ E(G) as its
vertex set where two vertices of T (G) are adjacent if and only if they are adjacent or
incident in G. Inspired by the total graph, Wu and Meng [8] have generalized the total
graph by defining the following transformation graphs:
Let G = (V,E) be a graph and x, y, z be three variables taking values + or −. The
total transformation graph Gxyz is a graph having V (G)∪E(G) as the vertex set so that
for α, β ∈ V (G) ∪ E(G), α and β are adjacent in Gxyz if and only if either
1. α, β ∈ V (G), α, β are adjacent in G if x = + and α and β are not adjacent in G if
x = −;
or
2. α, β ∈ E(G), α, β are adjacent in G if y = + and α and β are not adjacent in G if
y = −;
or
3. α ∈ V (G) and β ∈ E(G), α, β are incident in G if z = + and α and β are not
incident in G if z = −.
Note 1. Since there are eight distinct 3-permutations of {+,−}, we obtain eight graphical
transformations of G. It is interesting to see that G+++ is exactly the total graph T (G)
of G and G−−− is the complement of T (G). Also for a given graph G, G++− and G−−+,
G+−+ and G−+−, G−++ and G+−− are the other three pairs of complementary graphs.
For basic properties of these transformation graphs, we can refer to [5, 9, 10].
2 Results
In this section, we obtain some new upper bounds for the eccentric-connectivity index of
total transformation graphs in terms of order, size and the first Zagreb index.
Theorem 1. Let G be an (n,m) graph. Then
IECI(G
+++) ≤
1
2
IECI(G) +
1
4
m+ ξ−1(G) +M−11 (G);
M1ECI(G
+++) ≤ 4M1ECI(G) + F (G) + 2M2(G) + 4M1(G) + FECI(G) + 2M
2
ECI(G);
ECI1(G+++) ≤ 2ECI1(G) + 4ECI(G) +M1(G) + 4m+ ECI
1(G)(G) + 2M1ECI(G);
M1ECI1(G
+++) ≤ 4M1ECI1(G) + 4M1(G) + 8M
1
ECI(G) + F (G) + 2M2(G) + FECI′(G)
+ 2M2ECI1(G) + 2FECI(G) + 4M
2
ECI(G).
Proof. Let G = (V,E) be a graph with V (G) = {v1, v2, v3, · · · , vn} and the edge set
E(G) = {e1, e2, e3, · · · , em}. Then V (G
+++) = {v1, v2, v3, · · · , vn, e1, e2, e3, · · · , em}.
Clearly |V (G+++)| = m + n. Further, diam(G) ≤ diam(G+++) ≤ diam(G) + 1. Since
for every v ∈ V (G), eG(v) ≤ diam(G), we get e
G+++
(u) ≤ e
G
(u) + 1 for every u ∈ G+++.
Let ui ∈ V (G
+++) be the corresponding vertex to vi ∈ V (G) and uj ∈ V (G
+++) be
the corresponding vertex to ej ∈ E(G) in G
+++. Then deg
G+++
(ui) = 2degG(vi) and
deg
G+++
(uj) = degG(vi) + degG(vj) where ej = vivj. Therefore we have to take care of
the following cases:
Case 1.
IECI(G
+++) =
n∑
i=1
1
e
G+++
(u) · deg
G+++
(u)
=
∑
ui∈V (G+++)∩V (G)
1
e
G+++
(ui) · deg
G+++
(ui)
+
∑
uj∈V (G+++)∩E(G)
1
e
G+++
(uj) · deg
G+++
(uj)
.
Since e
G+++
(u) ≤ e
G
(u) + 1, we get
ECI(G+++) ≤
∑
ui∈V (G)
1[
(e
G
(ui) + 1) · 2degG(ui)
]
+
∑
uj ,uk∈E(G)
1[
(e
G
(uj) + 1) · (degG(uj) + degG(uk))
]
=
1
2
∑
ui∈V (G)
1
e
G
(ui)degG(ui)
+
1
2
∑
ui∈V (G)
1
deg
G
(ui)
+
∑
ujuk∈E(G)
1
e
G
(uj)(degG(uj) + degG(uk))
+
∑
ujuk∈E(G)
1
(deg
G
(uj) + degG(uk))
≤
1
2
IECI(G) +
1
2
ID(G) + ξ−1(G) +M−11 (G)
where
ξ−1(G) =
∑
ujuk∈E(G)
1
e
G
(uj)(degG(uj) + degG(uk))
and
M−11 (G) =
∑
ujuk∈E(G)
1
(deg
G
(uj) + degG(uk))
.
Case 2.
M1ECI(G) =
n∑
i=1
e(vi)deg(vi)
2
=
∑
ui∈V (G+++)∩V (G)
e
G+++
(ui) · deg
G+++
(ui)
2
+
∑
uj∈V (G+++)∩E(G)
e
G+++
(uj) · deg
G+++
(uj)
2.
Since e
G+++
(u) ≤ e
G
(u) + 1, we obtain
M1ECI(G
+++) ≤
∑
ui∈V (G)
[
(e
G
(ui) + 1) · (2degG(ui))
2
]
+
∑
uj ,uk∈E(G)
[
(e
G
(uj) + 1) · (degG(uj) + degG(uk))
2
]
= 4
∑
ui∈V (G)
[
e
G
(ui)degG(ui))
2
]
+ 4
∑
ui∈V (G)
deg
G
(ui))
2
+
∑
uj ,uk∈E(G)
e
G
(uj)(degG(uj) + degG(uk))
2 +
∑
uj ,uk∈E(G)
(deg
G
(uj) + degG(uk))
2
= 4M1ECI(G) + 4M1 +
∑
uj ,uk∈E(G)
e
G
(uj)(degG(uj)
2 + deg
G
(uk)
2)
+ 2
∑
uj ,uk∈E(G)
e
G
(uj)(degG(uj)degG(uk)) +
∑
uj ,uk∈E(G)
(deg
G
(uj)
2 + deg
G
(uk)
2)
+ 2
∑
uj ,uk∈E(G)
deg
G
(uj)degG(uk)
= 4M1ECI(G) + F (G) + 2M2(G) + 4M1(G) + FECI(G) + 2M
2
ECI(G)
where
FECI(G) =
∑
uj ,uk∈E(G)
e
G
(uj)(degG(uj)
2 + deg
G
(uk)
2)
and
M2ECI(G) =
∑
uj ,uk∈E(G)
e
G
(uj)degG(uj)degG(uk).
Case 3.
ECI1(G+++) =
n∑
i=1
e(vi)
2deg(vi)
=
∑
ui∈V (G+++)∩V (G)
e
G+++
(ui)
2 · deg
G+++
(ui)
+
∑
uj∈V (G+++)∩E(G)
e
G+++
(uj)
2 · deg
G+++
(uj).
Since e
G+++
(u) ≤ e
G
(u) + 1, we reduce that
ECI1(G+++) ≤
∑
ui∈V (G)
[
(e
G
(ui) + 1)
2 · (2deg
G
(ui))
]
+
∑
uj ,uk∈E(G)
[
(e
G
(uj) + 1)
2 · (deg
G
(uj) + degG(uk))
]
= 2
∑
ui∈V (G)
[
(e
G
(ui)
2 + 1 + 2(e
G
(ui)))(degG(ui))
]
+
∑
uj ,uk∈E(G)
[
(e
G
(ui)
2 + 1 + 2(e
G
(ui)))(degG(uj) + degG(uk))
]
= 2
∑
ui∈V (G)
[
e
G
(ui)
2(deg
G
(ui))
]
+ 2
∑
ui∈V (G)
deg
G
(ui)
+ 4
∑
ui∈V (G)
e
G
(ui)(degG(ui))
+
∑
uj ,uk∈E(G)
[
e
G
(ui)
2(deg
G
(uj) + degG(uk))
]
+
∑
uj ,uk∈E(G)
[
(deg
G
(uj) + degG(uk))
]
+ 2
∑
uj ,uk∈E(G)
e
G
(ui)(degG(uj) + degG(uk))
= 2ECI1(G) + 4ECI(G) +M1(G) + 4m+ ECI
1(G)(G) + 2M1ECI(G).
Case 4.
M1ECI1(G
+++) =
n∑
i=1
e(vi)
2deg(vi)
2
=
∑
ui∈V (G+++)∩V (G)
e
G+++
(ui)
2 · deg
G+++
(ui)
2
+
∑
uj∈V (G+++)∩E(G)
e
G+++
(uj)
2 · deg
G+++
(uj)
2.
As e
G+++
(u) ≤ e
G
(u) + 1, we get
ECI1(G+++) ≤
∑
ui∈V (G)
(e
G
(ui) + 1)
2 · (2deg
G
(ui))
2
+
∑
uj ,uk∈E(G)
(e
G
(uj) + 1)
2 · (deg
G
(uj) + degG(uk))
2
= 4
∑
ui∈V (G)
(e
G
(ui)
2 + 1 + 2e
G
(ui))degG(ui)
2
+
∑
uj ,uk∈E(G)
(e
G
(ui)
2 + 1 + 2(e
G
(ui)))(degG(uj) + degG(uk))
2
= 4
∑
ui∈V (G)
e
G
(ui)
2(deg
G
(ui))
2 + 4
∑
ui∈V (G)
deg
G
(ui)
2
+ 8
∑
ui∈V (G)
e
G
(ui)degG(ui)
2
+
∑
uj ,uk∈E(G)
e
G
(ui)
2(deg
G
(uj) + degG(uk))
2
+
∑
uj ,uk∈E(G)
(deg
G
(uj) + degG(uk))
2
+ 2
∑
uj ,uk∈E(G)
e
G
(ui)(degG(uj) + degG(uk))
2
= 4M1ECI1(G) + 4M1(G) + 8M
1
ECI(G) + F (G) + 2M2(G) + FECI1(G)
+ 2M2ECI1(G) + 2FECI(G) + 4M
2
ECI(G)
where
M2ECI1(G) =
∑
uj ,uk∈E(G)
e
G
(uj)
2deg
G
(uj)degG(uk)
and
FECI1(G) =
∑
uj ,uk∈E(G)
e
G
(uj)
2(deg
G
(uj)
2 + deg
G
(uk)
2).
Theorem 2. Let G be an (n,m) graph. Then
IECI(G
−−−) ≤
1
3(m+ n− 1)n
+
1
3(m+ n− 1)m
−
1
12m
−
1
3
M−11 (G),
M1ECI(G
−−−) ≤ 3F (G) + 6M2(G)− 6(m++n− 3)M1(G) + 3(m+ n)(m+ n− 1)
2,
− 24m(m+ n− 1)
ECI1(G−−−) ≤ 9n(m+ n− 1) + 9m(m+ n)− 36m− 9M1(G),
M1ECI1(G
−−−) ≤ 9F (G) + 18M2(G)− 18(m+ n− 3)M1(G)
+ 9(m+ n)(m+ n− 1)2 − 36m(m+ n− 1).
Proof. Let G = (V,E) be a graph with V (G) = {v1, v2, v3, · · · , vn} and the edge set
E(G) = {e1, e2, e3, · · · , em}. Then V (G
−−−) = {v1, v2, v3, · · · , vn, e1, e2, e3, · · · , em}.
Clearly |V (G−−−)| = m + n. Further, diam(G−−−) ≤ 3. As for every v ∈ V (G),
eG(v) ≤ diam(G), we have e
G−−−
(u) ≤ 3 for every u ∈ G−−−. Let ui ∈ V (G
−−−)
be the corresponding vertex to vi ∈ V (G) and uj ∈ V (G
−−−) be the correspond-
ing vertex to ej ∈ E(G) in G
−−−. Then deg
G−−−
(ui) = m + n − 1 − 2degG(vi) and
deg
G−−−
(uj) = m+ n− 1− (degG(vi) + degG(vj)) where ej = vivj. Therefore
Case 1.
IECI(G
−−−) =
n∑
i=1
1
e
G−−−
(u) · deg
G−−−
(u)
=
∑
ui∈V (G−−−)∩V (G)
1
e
G−−−
(ui) · deg
G−−−
(ui)
+
∑
uj∈V (G−−−)∩E(G)
1
e
G−−−
(uj) · deg
G−−−
(uj)
Since e
G−−−
(u) ≤ 3, we deduce that
IECI(G
−−−) ≤
∑
ui∈V (G)
1[
3 · (m+ n− 1− 2(deg
G
(ui)))
]
+
∑
uj ,uk∈E(G)
1[
3 · (m+ n− 1− (deg
G
(uj) + degG(uk)))
]
=
1
3(m+ n− 1)n
−
1
6
∑
ui∈V (G)
(deg
G
(ui))
+
1
3(m+ n− 1)m
−
1
3
∑
uj,uk∈E(G)
(deg
G
(uj) + degG(uk))
≤
1
3(m+ n− 1)n
+
1
3(m+ n− 1)m
−
1
12m
−
1
3
M−11 (G).
Case 2. Similarly, we have
M1ECI(G) =
n∑
i=1
(e(vi)deg(vi)
2)
=
∑
ui∈V (G−−−)∩V (G)
e
G−−−
(ui) · deg
G−−−
(ui)
2
+
∑
uj∈V (G−−−)∩E(G)
e
G−−−
(uj) · deg
G−−−
(uj)
2.
Since e
G−−−
(u) ≤ 3, we obtain
M1ECI(G
−−−) ≤
∑
ui∈V (G)
[
3(m+ n− 1− 2deg
G
(ui))
2
]
+
∑
uj ,uk∈E(G)
[
3(m+ n− 1− (deg
G
(uj) + degG(uk)))
2
]
=
∑
ui∈V (G)
3(m+ n− 1)2 + 12
∑
ui∈V (G)
deg
G
(u2j)− 12(m+ n− 1)
∑
ui∈V (G)
deg
G
(uj)
+
∑
uj ,uk∈E(G)
3(m+ n− 1)2 + 3F (G) + 6M2(G)− 6(m+ n− 1)M1(G)
= 3F (G) + 6M2(G)− 6(m+ n− 3)M1(G) + 3(m+ n)(m+ n− 1)
2
− 24m(m+ n− 1).
Case 3.
ECI1(G−−−) =
n∑
i=1
(e(vi)
2deg(vi))
=
∑
ui∈V (G−−−)∩V (G)
e
G−−−
(ui)
2 · deg
G−−−
(ui)
+
∑
uj∈V (G−−−)∩E(G)
e
G−−−
(uj)
2 · deg
G−−−
(uj).
Since e
G−−−
(u) ≤ 3, we obtain
ECI1(G−−−) ≤
∑
ui∈V (G)
[
32(m+ n− 1− 2deg
G
(ui))
]
+
∑
uj ,uk∈E(G)
[
32(m+ n− (deg
G
(uj) + degG(uk)))
]
= 9n(m+ n− 1) + 9m(m+ n)− 36m− 9M1(G).
Case 4.
M1ECI1(G
−−−) =
n∑
i=1
(e(vi)
2deg(vi)
2)
=
∑
ui∈V (G−−−)∩V (G)
e
G−−−
(ui)
2 · deg
G−−−
(ui)
2
+
∑
uj∈V (G−−−)∩E(G)
e
G−−−
(uj)
2 · deg
G−−−
(uj)
2.
Since e
G−−−
(u) ≤ 3, we finally get
ECI1(G−−−) ≤
∑
ui∈V (G)
[
32(m+ n− 1− 2deg
G
(ui))
2
]
+
∑
uj ,uk∈E(G)
[
32(m+ n− 1− (deg
G
(uj) + degG(uk)))
2
]
= 9F (G) + 18M2(G)− 18(m+ n− 3)M1(G)
+ 9(m+ n)(m+ n− 1)2 − 36m(m+ n− 1)
as asserted.
Theorem 3. Let G be an (n,m) graph. Then
IECI(G
++−) ≤
1
4mn
+
1
4m(n− 4)
+
1
4
M−11 (G),
M1ECI(G
++−) ≤ 4F (G) + 8M2(G) + 8(n− 4)M1(G) + 4nm
2 + 4m(n− 4)2,
ECI1(G++−) ≤ 16M1(G) + 16m(n− 4) + 16mn,
M1ECI1(G
++−) ≤ 16F (G) + 32M2(G) + 16m
2n + 16m(n− 4).
Proof. Let G = (V,E) be a graph with V (G) = {v1, v2, v3, · · · , vn} and the edge set
E(G) = {e1, e2, e3, · · · , em}. Then V (G
++−) = {v1, v2, v3, · · · , vn, e1, e2, e3, · · · , em}.
Clearly |V (G++−)| = m + n. Further diam(G++−) ≤ 4. Since eG(v) ≤ diam(G) for
every v ∈ V (G) we have e
G++−
(u) ≤ 4 for every u ∈ G++−. Let ui ∈ V (G
++−) be the
corresponding vertex to vi ∈ V (G) and uj ∈ V (G
++−) be the corresponding vertex to ej ∈
E(G) in G++−. Then deg
G++−
(ui) = m and deg
G++−
(uj) = n− 4 + (degG(vi) + degG(vj))
where ej = vivj . Therefore we discuss the following cases:
Case 1.
IECI(G
++−) =
n∑
i=1
1
e
G++−
(u) · deg
G++−
(u)
=
∑
ui∈V (G++−)∩V (G)
1
e
G++−
(ui) · deg
G++−
(ui)
+
∑
uj∈V (G++−)∩E(G)
1
e
G++−
(uj) · deg
G++−
(uj)
.
Since e
G++−
(u) ≤ 4, we have
IECI(G
++−) ≤
∑
ui∈V (G)
1[
4m
] +
∑
uj ,uk∈E(G)
1[
4 · (n− 4 + (deg
G
(uj) + degG(uk)))
]
≤
1
4mn
+
1
4m(n− 4)
+
1
4
M−11 (G).
Case 2.
M1ECI(G) =
n∑
i=1
(e(vi)deg(vi)
2)
=
∑
ui∈V (G++−)∩V (G)
e
G++−
(ui) · deg
G++−
(ui)
2
+
∑
uj∈V (G++−)∩E(G)
e
G++−
(uj) · deg
G++−
(uj)
2.
Since e
G++−
(u) ≤ 4, we obtain
M1ECI(G
++−) ≤
∑
ui∈V (G)
[
4m2]
+
∑
uj ,uk∈E(G)
4
[
(n− 4) + (deg
G
(uj) + degG(uk))
2
]
= 4nm2 + 4m(n− 4)2 + 4
∑
ui∈V (G)
(deg
G
(uj) + degG(uk))
2 + 8(n− 4)M1(G)
= 4F (G) + 8M2(G) + 8(n− 4)M1(G) + 4nm
2 + 4m(n− 4)2.
Case 3.
ECI1(G) =
n∑
i=1
e(vi)
2deg(vi)
=
∑
ui∈V (G++−)∩V (G)
e
G++−
(ui)
2 · deg
G++−
(ui)
+
∑
uj∈V (G++−)∩E(G)
e
G++−
(uj)
2 · deg
G++−
(uj).
Since e
G++−
(u) ≤ 4, we deduce that
ECI1(G++−) ≤
∑
ui∈V (G)
16m
+
∑
uj ,uk∈E(G)
[
42(n− 4 + deg
G
(uj) + degG(uk)))
]
= 16M1(G) + 16m(n− 4) + 16mn.
Case 4.
M1ECI1(G) =
n∑
i=1
(e(vi)
2deg(vi)
2)
=
∑
ui∈V (G++−)∩V (G)
e
G++−
(ui)
2 · deg
G++−
(ui)
2
+
∑
uj∈V (G++−)∩E(G)
e
G++−
(uj)
2 · deg
G++−
(uj)
2.
Since e
G++−
(u) ≤ 4, we finally have
ECI1(G++−) ≤
∑
ui∈V (G)
[
42(m)2
]
+
∑
uj ,uk∈E(G)
[
42(n− 4 + (deg
G
(uj) + degG(uk)))
2
]
= 16F (G) + 32M2(G) + 16m
2n+ 16m(n− 4)
as asserted.
Theorem 4. Let G be an (n,m) graph. Then
IECI(G
−−+) ≤
1
3n(n+ 1)
−
1
6m
+
1
3m(m+ 3)
−
1
3
M−11 (G),
M1ECI(G
−−+) ≤ 3F (G) + 6M2(G)− (6m+ 15)M1(G) + 3n(n+ 1)
2
− 12m(n+ 1) + 3m(m+ 3)2,
ECI1(G−−+) ≤ 9n(n+ 1) + 9m(m+ 3)− 18m− 9M1(G),
M1ECI1(G
−−+) ≤ 9F (G) + 18M2(G)− (18m+ 45)M1(G) + 9n(n+ 1)
2
+ 9m(m+ 3)2 − 36m(n + 1).
Proof. Let G = (V,E) be a graph with V (G) = {v1, v2, v3, · · · , vn} and the edge set
E(G) = {e1, e2, e3, · · · , em}. Then V (G
−−+) = {v1, v2, v3, · · · , vn, e1, e2, e3, · · · , em}.
Clearly |V (G−−+)| = m + n and diam(G−−+) ≤ 3. Since, for every v ∈ V (G), eG(v) ≤
diam(G), we get e
G−−+
(u) ≤ 3 for every u ∈ G−−+. Let ui ∈ V (G
−−+) be the
corresponding vertex to vi ∈ V (G) and uj ∈ V (G
−−+) be the corresponding vertex
to ej ∈ E(G) in G
−−+. Then deg
G−−+
(ui) = n + 1 − degG(vi) and degG−−+ (uj) =
m+ 3− (deg
G
(vi) + degG(vj)) where ej = vivj . Therefore
Case 1.
ECI(G−−+) =
n∑
i=1
1
e
G−−+
(u) · deg
G−−+
(u)
=
∑
ui∈V (G−−+)∩V (G)
1
e
G−−+
(ui) · deg
G−−+
(ui)
+
∑
uj∈V (G−−+)∩E(G)
1
e
G−−+
(uj) · deg
G−−+
(uj)
.
Since e
G−−+
(u) ≤ 3, we get
ECI(G−−+) ≤
∑
ui∈V (G)
1[
3 · (n+ 1− (deg
G
(ui)))
]
+
∑
uj ,uk∈E(G)
1[
3 · (m+ 3− (deg
G
(uj) + degG(uk)))
]
≤
1
3n(n+ 1)
−
1
6m
+
1
3m(m+ 3)
−
1
3
M−11 (G).
Case 2.
M1ECI(G) =
n∑
i=1
(e(vi)deg(vi)
2)
=
∑
ui∈V (G−−+)∩V (G)
e
G−−+
(ui) · deg
G−−+
(ui)
2
+
∑
uj∈V (G−−+)∩E(G)
e
G−−+
(uj) · deg
G−−+
(uj)
2.
Since e
G−−+
(u) ≤ 3, we deduce that
M1ECI(G
−−+) ≤
∑
ui∈V (G)
[
3(n+ 1− deg
G
(ui))
2
]
+
∑
uj ,uk∈E(G)
[
3(m+ 3− (deg
G
(uj) + degG(uk)))
2
]
= 3n(n+ 1)2 + 3M1(G)− 6(n+ 1)(2m) + 3m(m+ 3)
2 + 3F (G)
+ 6M2(G)− 6(m+ 3)M1(G)
= 3F (G) + 6M2(G)− (6m+ 15)M1(G) + 3n(n+ 1)
2
− 12m(n+ 1) + 3m(m+ 3)2.
Case 3.
ECI1(G) =
n∑
i=1
(e(vi)
2deg(vi))
=
∑
ui∈V (G−−+)∩V (G)
e
G−−+
(ui)
2 · deg
G−−+
(ui)
+
∑
uj∈V (G−−+)∩E(G)
e
G−−+
(uj)
2 · deg
G−−+
(uj).
Since e
G−−+
(u) ≤ 3, we obtain
ECI1(G−−+) ≤
∑
ui∈V (G)
[
32(n + 1− degG(ui))
]
+
∑
uj ,uk∈E(G)
[
32(m+ 3− (deg
G
(uj) + degG(uk)))
]
= 9n(n+ 1) + 9m(m+ 3)− 18m− 9M1(G).
Case 4. Finally we get
M1ECI1(G) =
n∑
i=1
(e(vi)
2deg(vi)
2)
=
∑
ui∈V (G−−+)∩V (G)
e
G−−+
(ui)
2 · deg
G−−+
(ui)
2
+
∑
uj∈V (G−−+)∩E(G)
e
G−−+
(uj)
2 · deg
G−−+
(uj)
2.
As e
G−−+
(u) ≤ 3, we finally obtain that
ECI1(G−−+) ≤
∑
ui∈V (G)
[
32(n+ 1− deg
G
(ui))
2
]
+
∑
uj ,uk∈E(G)
[
32(m+ 3− (deg
G
(uj) + degG(uk)))
2
]
= 9F (G) + 18M2(G)− (18m+ 45)M1(G) + 9n(n+ 1)
2
+ 9m(m+ 3)2 − 36m(n + 1)
as asserted.
Theorem 5. Let G be an (n,m) graph. Then
IECI(G
+−+) ≤
1
12m
+
1
3m(m+ 3)
−
1
3
M−11 (G),
M1ECI(G
+−+) ≤ 3F (G) + 6M2(G)− 6(m− 3)M1(G) + 3m(m+ 3)
2,
ECI1(G+−+) ≤ 36m+ 9m(m+ 3)− 9M1(G),
M1ECI1(G
+−+) ≤ 9F (G) + 18M2(G)− 18(m− 1)M1(G) + 9m(m+ 3)
2.
Proof. LetG = (V,E) be a graph with V (G) = {v1, v2, v3, · · · , vn} and E(G) = {e1, e2, e3, · · · , em}.
Then V (G+−+) = {v1, v2, v3, · · · , vn, e1, e2, e3, · · · , em}. Clearly |V (G
+−+)| = m+ n and
diam(G+−+) ≤ 3. As eG(v) ≤ diam(G) for every v ∈ V (G), we get e
G+−+
(u) ≤ 3 for
every u ∈ G+−+. Let ui ∈ V (G
+−+) be the corresponding vertex to vi ∈ V (G) and
uj ∈ V (G
+−+) be the corresponding vertex to ej ∈ E(G) in G
+−+. Then deg
G+−+
(ui) =
2deg
G
(vi) and deg
G+−+
(uj) = m+ 3− (degG(vi) + degG(vj)) where ej = vivj. Therefore
Case 1.
IECI(G
+−+) =
n∑
i=1
1
e
G+−+
(u) · deg
G+−+
(u)
=
∑
ui∈V (G+−+)∩V (G)
1
e
G+−+
(ui) · deg
G+−+
(ui)
+
∑
uj∈V (G+−+)∩E(G)
1
e
G+−+
(uj) · deg
G+−+
(uj)
As e
G+−+
(u) ≤ 3, we obtain
IECI(G
+−+) ≤
∑
ui∈V (G)
1[
3 · (2(deg
G
(ui)))
]
+
∑
uj ,uk∈E(G)
1[
3 · (m+ 3− (deg
G
(uj) + degG(uk)))
]
≤
1
12m
+
1
3m(m+ 3)
−
1
3
M−11 (G).
Case 2.
M1ECI(G) =
n∑
i=1
(e(vi)deg(vi)
2)
=
∑
ui∈V (G+−+)∩V (G)
e
G+−+
(ui) · deg
G+−+
(ui)
2
+
∑
uj∈V (G+−+)∩E(G)
e
G+−+
(uj) · deg
G+−+
(uj)
2.
As e
G+−+
(u) ≤ 3, we obtain
M1ECI(G
+−+) ≤
∑
ui∈V (G)
[
3(2deg
G
(ui))
2
]
+
∑
uj ,uk∈E(G)
[
3(m+ 3− (deg
G
(uj) + degG(uk)))
2
]
= 12M1(G) + 3m(m+ 3)
2 + 3F (G) + 6M2(G)− 6(m+ 3)M1(G)
= 3F (G) + 6M2(G)− 6(m− 3)M1(G) + 3m(m+ 3)
2.
Case 3.
ECI1(G) =
n∑
i=1
(e(vi)
2deg(vi))
=
∑
ui∈V (G+−+)∩V (G)
e
G+−+
(ui)
2 · deg
G+−+
(ui)
+
∑
uj∈V (G+−+)∩E(G)
e
G+−+
(uj)
2 · deg
G+−+
(uj).
Since e
G+−+
(u) ≤ 3, we deduce that
ECI1(G+−+) ≤
∑
ui∈V (G)
[
32(2deg
G
(ui))
]
+
∑
uj ,uk∈E(G)
[
32(m+ 3− (deg
G
(uj) + degG(uk)))
]
= 36m+ 9m(m+ 3)− 9M1(G).
Case 4. Finally, we have
M1ECI1(G) =
n∑
i=1
(e(vi)
2deg(vi)
2)
=
∑
ui∈V (G+−+)∩V (G)
e
G+−+
(ui)
2 · deg
G+−+
(ui)
2
+
∑
uj∈V (G+−+)∩E(G)
e
G+−+
(uj)
2 · deg
G+−+
(uj)
2.
As e
G+−+
(u) ≤ 3, we deduce that
ECI1(G+−+) ≤
∑
ui∈V (G)
[
32(2deg
G
(ui))
2
]
+
∑
uj ,uk∈E(G)
[
32(m+ 3− (deg
G
(uj) + degG(uk)))
2
]
= 9F (G) + 18M2(G)− 18(m− 1)M1(G) + 9m(m+ 3)
2.
Theorem 6. Let G be an (n,m) graph. Then
IECI(G
−+−) ≤
1
3n(m+ n− 1)
+
1
3m(n− 4)
−
1
12m
+
1
3
M−11 (G),
M1ECI(G
−+−) ≤ 3F (G) + 6M2(G) + 6(n+ 2)M1(G) + 3n(m+ n− 1)
2
+ 3m(n− 4)2 − 24(m+ n− 1),
ECI1(G−+−) ≤ 9M1(G) + 9n(m+ n) + 9m(n− 4)− 36m,
M1ECI1(G
−+−) ≤ 9F (G) + 18M2(G) + 18(n− 3)M1(G) + 9n(m+ n− 1)
2
+ 9m(n− 4)2 − 36m(m+ n− 1).
Proof. Let G = (V,E) with V (G) = {v1, v2, v3, · · · , vn} and E(G) = {e1, e2, e3, · · · , em}.
Then V (G−+−) = {v1, v2, v3, · · · , vn, e1, e2, e3, · · · , em}. As |V (G
−+−)| = m + n and
diam(G−+−) ≤ 3, since eG(v) ≤ diam(G) for every v ∈ V (G), we obtain e
G−+−
(u) ≤ 3
for every u ∈ G−+−. Let ui ∈ V (G
−+−) be the corresponding vertex to vi ∈ V (G) and
uj ∈ V (G
−+−) be the corresponding vertex to ej ∈ E(G) in G
−+−. Then deg
G−+−
(ui) =
m+ n− 1− 2deg
G
(vi) and deg
G−+−
(uj) = n− 4 + (degG(vi) + degG(vj)) where ej = vivj .
Therefore we have the following cases to consider:
Case 1.
IECI(G
−+−) =
n∑
i=1
1
e
G−+−
(u) · deg
G−+−
(u)
=
∑
ui∈V (G−+−)∩V (G)
1
e
G−+−
(ui) · deg
G−+−
(ui)
+
∑
uj∈V (G−+−)∩E(G)
1
e
G−+−
(uj) · deg
G−+−
(uj)
.
Since e
G−+−
(u) ≤ 3, we have
IECI(G
−+−) ≤
∑
ui∈V (G)
1[
3 · (m+ n− 1− 2(deg
G
(ui)))
]
+
∑
uj ,uk∈E(G)
1[
3 · (n− 4 + (deg
G
(uj) + degG(uk)))
]
≤
1
3n(m+ n− 1)
+
1
3m(n− 4)
−
1
12m
+
1
3
M−11 (G).
Case 2.
M1ECI(G) =
n∑
i=1
e(vi)deg(vi)
2
=
∑
ui∈V (G−+−)∩V (G)
e
G−+−
(ui) · deg
G−+−
(ui)
2
+
∑
uj∈V (G−+−)∩E(G)
e
G−+−
(uj) · deg
G−+−
(uj)
2.
Since e
G−+−
(u) ≤ 3, we have
M1ECI(G
−+−) ≤
∑
ui∈V (G)
[
3(m+ n− 1− 2deg
G
(ui))
2
]
+
∑
uj ,uk∈E(G)
[
3(n− 4 + (deg
G
(uj) + degG(uk)))
2
]
= 3n(m+ n− 1)2 + 12M1(G)− 24(m+ n− 1)m+ 3m(n− 4)
2 + 3F (G)
+ 6M2(G) + 6(n− 4)M1(G)
= 3F (G) + 6M2(G) + 6(n+ 2)M1(G) + 3n(m+ n− 1)
2
+ 3m(n− 4)2 − 24(m+ n− 1).
Case 3.
ECI1(G) =
n∑
i=1
e(vi)
2deg(vi)
=
∑
ui∈V (G−+−)∩V (G)
e
G−+−
(ui)
2 · deg
G−+−
(ui)
+
∑
uj∈V (G−+−)∩E(G)
e
G−+−
(uj)
2 · deg
G−+−
(uj).
As e
G−+−
(u) ≤ 3, we obtain
ECI1(G−+−) ≤
∑
ui∈V (G)
[
32(m+ n− 2deg
G
(ui))
]
+
∑
uj ,uk∈E(G)
[
32(n− 4 + (deg
G
(uj) + degG(uk)))
]
= 9M1(G) + 9n(m+ n) + 9m(n− 4)− 36m.
Case 4.
M1ECI1(G) =
n∑
i=1
(e(vi)
2deg(vi)
2)
=
∑
ui∈V (G−+−)∩V (G)
e
G−+−
(ui)
2 · deg
G−+−
(ui)
2
+
∑
uj∈V (G−+−)∩E(G)
e
G−+−
(uj)
2 · deg
G−+−
(uj)
2.
Since e
G−+−
(u) ≤ 3, we have
ECI1(G−+−) ≤
∑
ui∈V (G)
[
32(m+ n− 1− 2deg
G
(ui))
2
]
+
∑
uj ,uk∈E(G)
[
32(n− 4 + (deg
G
(uj) + degG(uk)))
2
]
= 9F (G) + 18M2(G) + 18(n− 3)M1(G) + 9n(m+ n− 1)
2
+ 9m(n− 4)2 − 36m(m+ n− 1)
as asserted.
Theorem 7. Let G be an (n,m) graph. Then
IECI(G
−++) ≤
1
3n(n− 1)
+
1
3
M−11 (G),
M1ECI(G
−++) ≤ 3F (G) + 6M2(G) + 3n(n− 1)
2,
ECI1(G−++) ≤ 9M1(G) + 9n(n− 1),
M1ECI1(G
−++) ≤ 9F (G) + 18M2(G) + 9n(n− 1)
2.
Proof. Let G = (V,E) with V (G) = {v1, v2, v3, · · · , vn} and E(G) = {e1, e2, e3, · · · , em}.
Then V (G−++) = {v1, v2, v3, · · · , vn, e1, e2, e3, · · · , em}. Clearly |V (G
−++)| = m+ n and
diam(G−++) ≤ 3. Since eG(v) ≤ diam(G) for every v ∈ V (G), we have e
G−++
(u) ≤ 3 for
every u ∈ G−++. Let ui ∈ V (G
−++) be the corresponding vertex to vi ∈ V (G) and uj ∈
V (G−++) be the corresponding vertex to ej ∈ E(G) in G
−++. Then deg
G−++
(ui) = n− 1
and deg
G−++
(uj) = (degG(vi) + degG(vj)) where ej = vivj. Therefore
Case 1.
IECI(G
−++) =
n∑
i=1
1
e
G−++
(u) · deg
G−++
(u)
=
∑
ui∈V (G−++)∩V (G)
1
e
G−++
(ui) · deg
G−++
(ui)
+
∑
uj∈V (G−++)∩E(G)
1
e
G−++
(uj) · deg
G−++
(uj)
.
Since e
G−++
(u) ≤ 3, we obtain
IECI(G
−++) ≤
∑
ui∈V (G)
1[
3 · (n− 1)
]
+
∑
uj ,uk∈E(G)
1[
3 · (deg
G
(uj) + degG(uk))
]
≤
1
3n(n− 1)
+
1
3
M−11 (G).
Case 2.
M1ECI(G) =
n∑
i=1
(e(vi)deg(vi)
2)
=
∑
ui∈V (G−++)∩V (G)
e
G−++
(ui) · deg
G−++
(ui)
2
+
∑
uj∈V (G−++)∩E(G)
e
G−++
(uj) · deg
G−++
(uj)
2.
As e
G−++
(u) ≤ 3, we obtain
M1ECI(G
−++) ≤
∑
ui∈V (G)
[
3(n− 1)2
]
+
∑
uj ,uk∈E(G)
[
3(deg
G
(uj) + degG(uk))
2
]
= 3F (G) + 6M2(G) + 3n(n− 1)
2.
Case 3.
ECI1(G) =
n∑
i=1
(e(vi)
2deg(vi))
=
∑
ui∈V (G−++)∩V (G)
e
G−++
(ui)
2 · deg
G−++
(ui)
+
∑
uj∈V (G−++)∩E(G)
e
G−++
(uj)
2 · deg
G−++
(uj).
The fact that e
G−++
(u) ≤ 3 implies that
ECI1(G−++) ≤
∑
ui∈V (G)
[
32(n− 1)
]
+
∑
uj ,uk∈E(G)
[
32(deg
G
(uj) + degG(uk))
]
= 9M1(G) + 9n(n− 1).
Case 4. Finally we have
M1ECI1(G) =
n∑
i=1
(e(vi)
2deg(vi)
2)
=
∑
ui∈V (G−++)∩V (G)
e
G−++
(ui)
2 · deg
G−++
(ui)
2
+
∑
uj∈V (G−++)∩E(G)
e
G−++
(uj)
2 · deg
G−++
(uj)
2.
Since e
G−++
(u) ≤ 3, we get
ECI1(G−++) ≤
∑
ui∈V (G)
[
32(n− 1)2
]
+
∑
uj ,uk∈E(G)
[
32(deg
G
(uj) + degG(uk))
2
]
= 9F (G) + 18M2(G) + 9n(n− 1)
2
as asserted.
Theorem 8. Let G be an (n,m) graph. Then
IECI(G
+−−) ≤
1
4mn
+
1
4m(m+ n− 1)
−
1
4
M−11 (G),
M1ECI(G
+−−) ≤ 4F (G) + 8M2(G)− 8(m+ n− 1)M1(G) + 4nm
2 + 4m(m+ n− 1)2,
ECI1(G+−−) ≤ 16mn + 16m(m+ n− 1)− 16M1(G),
M1ECI1(G
+−−) ≤ 16F (G) + 32M2(G)− 32(m+ n− 1)M1(G) + 16m
2n + 16m(m+ n− 1)2.
Proof. Let G = (V,E) with V (G) = {v1, v2, v3, · · · , vn} and E(G) = {e1, e2, e3, · · · , em}.
Then V (G+−−) = {v1, v2, v3, · · · , vn, e1, e2, e3, · · · , em}. Clearly |V (G
+−−)| = m+ n and
diam(G+−−) ≤ 4. Since eG(v) ≤ diam(G) for every v ∈ V (G), we obtain e
G+−−
(u) ≤ 4
for every u ∈ G+−−. Let ui ∈ V (G
+−−) be the corresponding vertex to vi ∈ V (G) and
uj ∈ V (G
+−−) be the corresponding vertex to ej ∈ E(G) inG
+−−. Then deg
G+−−
(ui) = m
and deg
G+−−
(uj) = m+ n− 1− (degG(vi) + degG(vj)) where ej = vivj . Therefore
Case 1.
IECI(G
+−−) =
n∑
i=1
1
e
G+−−
(u) · deg
G+−−
(u)
=
∑
ui∈V (G+−−)∩V (G)
1
e
G+−−
(ui) · deg
G+−−
(ui)
+
∑
uj∈V (G+−−)∩E(G)
1
e
G+−−
(uj) · deg
G+−−
(uj)
.
Since e
G+−−
(u) ≤ 4, we have
IECI(G
+−−) ≤
∑
ui∈V (G)
1[
4 · (m)
]
+
∑
uj ,uk∈E(G)
1[
4 · (m+ n− 1− (deg
G
(uj) + degG(uk)))
]
≤
1
4mn
+
1
4m(m+ n− 1)
−
1
4
M−11 (G).
Case 2.
M1ECI(G) =
n∑
i=1
(e(vi)deg(vi)
2)
=
∑
ui∈V (G+−−)∩V (G)
e
G+−−
(ui) · deg
G+−−
(ui)
2
+
∑
uj∈V (G+−−)∩E(G)
e
G+−−
(uj) · deg
G+−−
(uj)
2.
Since e
G+−−
(u) ≤ 4, we obtain
M1ECI(G
+−−) ≤
∑
ui∈V (G)
[
4m2
]
+
∑
uj ,uk∈E(G)
[
4(m+ n− 1− (deg
G
(uj) + degG(uk)))
2
]
= 4nm2 + 4m(m+ n− 1)2 + 4F (G) + 8M2(G)− 8(m+ n− 1)M1(G)
= 4F (G) + 8M2(G)− 8(m+ n− 1)M1(G) + 4nm
2 + 4m(m+ n− 1)2.
Case 3.
ECI1(G) =
n∑
i=1
(e(vi)
2deg(vi))
=
∑
ui∈V (G+−−)∩V (G)
e
G+−−
(ui)
2 · deg
G+−−
(ui)
+
∑
uj∈V (G+−−)∩E(G)
e
G+−−
(uj)
2 · deg
G+−−
(uj).
As e
G+−−
(u) ≤ 4, we obtain the following:
ECI1(G+−−) ≤
∑
ui∈V (G)
[
42(m)
]
+
∑
uj ,uk∈E(G)
[
42(m+ n− 1− (deg
G
(uj) + degG(uk)))
]
= 16mn+ 16m(m+ n− 1)− 16M1(G).
Case 4. Finally we have
M1ECI1(G) =
n∑
i=1
(e(vi)
2deg(vi)
2)
=
∑
ui∈V (G+−−)∩V (G)
e
G+−−
(ui)
2 · deg
G+−−
(ui)
2
+
∑
uj∈V (G+−−)∩E(G)
e
G+−−
(uj)
2 · deg
G+−−
(uj)
2.
Since e
G+−−
(u) ≤ 4, we have
ECI1(G+−−) ≤
∑
ui∈V (G)
[
42 · (m)2
]
+
∑
uj ,uk∈E(G)
[
42(m+ n− 1− (deg
G
(uj) + degG(uk)))
2
]
= 16F (G) + 32M2(G)− 32(m+ n− 1)M1(G) + 16m
2n + 16m(m+ n− 1)2.
Conclusion: In this paper, we have obtained bounds for four newly introduced eccentric-
based topological indices for eight kinds of transformation graphs of total graphs.
References
[1] Ashrafi, A. R., Dosˇlic´, T. and Hamzeh, A., (2010), The Zagreb coindices of graph
operations, Discrete Appl. Math., 158, 1571-1578.
[2] Furtula, B. and Gutman, I., (2015), A forgotten topological index, Journal of Math-
ematical Chemistry, 53, 1184-1190.
[3] Gutman, I. and Trinajstic´, N., (1972), Graph theory and molecular orbitals. Total
pi-electron energy of alternant hydrocarbons, Chem. Phys. Lett., 17, 535-538.
[4] Harary, F., (1969), Graph Theory, Addison-Wesely, Reading.
[5] Hosamani, S. M. and Gutman, I., (2014), Zagreb indices of transformation graphs
and total transformation graphs, Appl. Math. Comput., 247, 1156-1160.
[6] Hosamani, S. M. and Basavanagoud, B., (2015), New upper bounds for the first
Zagreb index, MATCH Commun. Math. Comput. Chem., 74 (1), 97-101.
[7] Sharma, V., Goswami, R. and Madan, A. K., (1997), Eccentric-connectivity in-
dex: A novel highly discriminating topological descriptor for structure-property and
structure-activity studies, J. Chem. Inf. Comput. Sci., 37 (2), 273-282.
[8] Wu, B. and Meng, J., (2001), Basic properties of total transformation graphs, J.
Math. Study, 34, 109-116.
[9] Xu, L. and Wu, B., (2008), Transformation graph G−+−, Discrete Math., 308, 5144-
5148.
[10] Yi. L. and Wu, B., (2009), The transformation graph G++−, Australas. J. Comb.,
44, 37-42.
